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Abstract 

Integrable models with higher N = 2 and = 4 supersymmetries are formulated 



Q> . on reductions of twisted loop superalgebras sl{2\2) and s/(4|4) endowed with principal 

o 
o 



O I gradation. In case of the sZ(4|4) loop algebra a sequence of progressing reductions leads 

- ' both to the = 4 and N = 2 supersymmetric mKdV and sinh-Gordon equations. 



The reduction scheme is induced by twisted automorphism and allows via dressing 
approach to associate to each symmetry flow of half-integer degree a supersymmetry 
Qh' transformation involving only local expressions in terms of the underlying fields. 



1 Introduction 

We further develop the systematic construction of supersymmetric integrable hierarchies in 
terms of the algebraic formalism proposed in reference [1]. In particular, we present a method 
leading to integrable models invariant under N = 2 and = 4 extended supersymmetry 
realized in a local way (only expressions local in the underlying fields are involved). The 
method consists of the following key steps. The basic Lie algebraic objects in the scheme are 
the loop algebras s/(2|2) and s/(4|4) endowed with a principal gradation and a semisimple 
element E of degree one. The first step defines a symmetry structure of integrable models 
under construction. It involves dressing construction to associate symmetry transformations 
of s/(2|2) and s/(4|4) loop algebras to elements of the centralizer /C of E. In this scheme 
the isospectral deformations defining hierarchies of nonlinear flow equations correspond to 
the center of this centralizer. The rest of the centralizer becomes associated to (in gen- 
eral non-commuting) additional symmetry algebra of the underlying model. Especially, in 
models with principal gradation, which we are considering, the symmetry transformations 
corresponding to elements of the centralizer with the half-integer grades give raise to su- 
persymmetry transformations. The identity element belongs to the s/(2|2) and s/(4|4) loop 
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algebras and that has a consequence of doubhng number of the supersymmetry generators 
since squares of supersymmetry generators can be considered equivalent as long as they differ 
by identity element only. In general, graded loop algebras with principal gradation lead to 
non-local expressions for the supersymmetry transformations (e.g. the N = 2 super mKdV 
derived in [1] from the s/(2|l) algebra). The non-locality can be traced back to a presence 
of a kernel term in the Lax operator required for consistency in general case. It is shown 
here that such term can be removed by a very judicious choice of an underlying relevant 
subalgebra within the loop structure. The key property of our reduction scheme is that it 
leads to reduced loop subalgebra with image of E containing only Cartan generators among 
even grade elements. The emerging abelian structure ensures that the supersymmetry trans- 
formations remain local thus allowing us to circumvent problem with non-local realization 
of supersymmetry. 

We employ this framework to construct equations of motion for the generalized mKdV 
hierarchies invariant under supersymmetry without non-local terms. In particular, we derive 
the equations of motion for the N — 2 supersymmetric mKdV and sinh-Gordon models and 
show that they correspond to positive and negative grade time evolutions respectively and 
therefore to the same hierarchy. 

Construction of = 4 models involves two subsequent reductions. The first one, reduces 
the algebra s/(4|4) into a semidirect product of U{1) and s/(2|2) s/(2|2). In the second 
reduction the relevant subalgebra is obtained by independently reducing each s/(2|2) within 
its loop structure. 

We were inspired by a number of papers devoted to a supersymmetric generalization of 
the Drinfeld-Sokolov construction. Inami and Kanno [2, 3] were first to consider a class 
of afiine superalgebras with fermionic simple roots with the principal gradation. Delduc 
and Gallot [4] and soon after Madsen and Miramontes [5] realized importance of fermionic 
elements in the kernel which square to E for construction of a supersymmetric integrable 
hierarchy of the Drinfeld-Sokolov type. 

Another set of related developments involves presence of non-local charges. Kersten 
[6] and Dargis and Mathieu [7, 8] obtained an infinite sequence of non-local (bosonic and 
fermionic) flow equations and conserved quantities in the framework of supersymmetric KdV 
equation (see also [9]). These flows emerge in algebraic formalism from (fermionic or bosonic) 
elements in /C with non-negative grade as it was also observed in [5] and later in [1]. 

There exists an extensive literature (see e.g. [10, 11, 12, 13, 14, 15, 16, 17]) devoted to 
construction of integrable models with extended supersymmetry based on a superspace. Such 
attempts use as a rule covariant derivatives in expressions for the Lax operator to ensure 
the supersymmetry invariance. In our attempt supersymmetry emerges from structure of 
symmetry transformations induced by fermionic directions in the underlying superalgebra. 

The paper is organized as follows. In Section 2, the main features of the dressing ap- 
proach are described in a way which sets a scene for supersymmetry invariant formulation of 
integrable hierarchies of evolution flows. Section 3 obtains N = 2 mKdV and sinh-Gordon 
equations as zero-curvature conditions based on a subalgebra of s/(2|2). Extension of the 
above reduction process is apphed in Section 4 to the sZ(4|4) algebra resulting in N — A 
mKdV and sinh-Gordon equations. The N = 2 mKdV and sinh-Gordon equations of Sec- 
tion 3 can be reproduced by setting some of the fields of = 4 models to zero. We offer 



2 



some concluding remarks in Section 6. Technical details of sZ(4|4) algebra are relocated to 
Appendix A. 



2 Dressing Formalism 

In this Section we give a brief account of the dressing approach to the integrable models. 

We will be working with a loop algebra Q endowed with the principal gradation defined 
by a grading operator Q to be given below for each specific model. The gradation induces 
decomposition into graded subspaces Q = ®n&Qn with Qn such that \Q , Qn] = nQn- 

Another fundamental object in this setting is a semisimple element E of grade one. The 
Kernel /C of is a subalgebra of all elements commuting with E. Elements of /C generate 
algebra of symmetries commuting with isospectral deformations [18]. In the constructed 
models the supersymmetry transformations belong to /C and carry the half-integer grading. 

Recall, that the center of kernel JC is defined as C(/C) = {x G IC\[x,y] =0 G /C}. 
Elements of C(/C) of grade n E Z are denoted as -E'-"^ and in this notation E = E^^\ E 
induces decomposition Q = IC(BM. where M. is an image of the adjoint operation Sid{E)X = 
[E,X]. 

To every positive grade element Ki in /C one associates a transformation through a 
map : 

KiEic ^ Sk.q = (eXie-i)_ e , (2.1) 

where {X)_ is a projection of X e ^ on a strictly negative part of X in — Qn and 

0, the dressing matrix, is an exponential in ^< : 



e 



exp ( J = exp (^(-1) + ^(-2) + ...). (2.2) 

\i<0 / 



The map — > is a homomorphism [18]: 

[5k.,5k,]Q = 5^k.,kaQ- (2.3) 

It allows us to identify /C with algebra of symmetry transformations. 

For i?*^") G C{}C), the corresponding flows 5^{n) define through the map (2.1) the isospec- 
tral deformations of the model. They obviously commute among themselves and we denote 
them as partial derivatives d/dtn- By definition : 

^e(i) = (e£;(")e-^)_ e(i) . (2.4) 

The Lax operator L is obtained by dressing the isospectral fiow with n = 1 in equation (2.4). 
Let us identify ti with the space variable x. Then : 

9^(0) = (e£;e-^)_e = [qeq~^ - {qeq-^)^]q 

^QE-{E+[e^-'-\E])Q (2.5) 
^QE-{E + Ao) e 
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where (■)+ denotes projection on a positive subalgebra Q> = ^n- Note that Aq = 

[d^^^\E~\ is clearly in M. and of grade zero. This leads to the dressing expression for the 
Lax operator L : 

Q (d, + E)Q-^ = + E + Aq = L . 



Similarly, for higher flows we obtain 



n-l 



(2.6) 



(2.7) 



1=0 



with coefficients Dn^ which can be found from identities: 

n-l 
i=0 

These dressing relations give rise to the zero-curvature conditions 

n-l 



d 



q^ + e + Ao,— + e^^^ + J2d. 



i=0 



e 



Otr,. 



9-^ = 0. 



(2.8) 



The structure of the Lax operator changes when terms with the half-integer grades appear 
in ^ = (Bn£zQn/2- With these terms being present in the exponent of the dressing matrix 
equation (2.2) generalizes to : 



\i<0 / 



(2.9) 



and the form of the Lax operator obtained by the dressing procedure changes as follows : 
d 



dti 



(9) = (9E9-^)_9 = [9£;9-^ - (9£;9-^)^]9 

^eE+(^E+ [0^-'\ E] + [0^-'/'\ E]+^ [0^-'/'\ [0^-'/'\ E]]^e (2.10) 
= QE+ {E + Ao + Ay2 + ko)e. 



Here 



Ao = [0^-'\E]+l[0^-'/'\[0^-'/'\E]] 
Ay, = [0(-'/'\E] e M 

ko = l[0^-'/'\[0^-'/'\E]] ex: 



M 



e M 



(2.11) 
(2.12) 
(2.13) 



where 



and 



K. 



M 



denote projections on the kernel /C and image M., respectively. This shows 
that, in case of a half-integer grading, a general expression for the Lax operator is 

£ = + £; + ^0 + ^1/2 + A;o . (2.14) 



The unconventional grade zero term ko residing in /C appears here due to the half-integer 
grading (encountered in case of sl{n\m) algebras with principal gradation). 

The presence of /cq in the Lax operator L presents a problem for our formalism as it causes 
non-locality in the supersymmetry transformations [1] as follows from the zero- curvature 
equations we will describe below. A remedy employed in this paper is to work with subalge- 
bras obtained by reductions in which the term [9^^^^'^\ [^(~^/^^, £■]] vanishes automatically. 
This paper describes such construction for sl{n\n) with n = 2,4. 

Consider now the case of a kernel /C which contains a constant grade one-half element 
£)(V2) According to (2.1) this term gives rise to the symmetry flow 

dy,e = (5^(1/2)6 = (eL>(V2)e-i)_ e . (2.15) 

As shown in [1], 9i/2-flow enters the zero-curvature equation : 

[d, + E + Ao + A,/, , dy, + L>(°) + L>(V^)] = , (2.16) 

where 

In presence of the half-integer grading the zero-curvature condition (2.8) gives way to (for 
reductions with ko = 0) : 



(2.17) 



As described in [1] this zero-curvature approach extends to the negative flows d/dt^n. The 
following three Lax operators : 

V+i = C^d^ + Ao + Ay, + E (2.18) 
V+y, = dy. + D^^'^+D^y'^ (2.19) 
P_i = d-i + Bj^y,B-^ + BE^-^^B-^ (2.20) 

appear prominently in the dressing analysis. Here S is a non-singular matrix of grade zero 
and _7_i/2 is an element in M. of grade —1/2. The flows dy2,d-i = d/dt^i and dx — d/dti 
arc all commuting among themselves, being associated to D^^^'^\ E^~^^ and E, respectively. 
By standard dressing argument this commutativity ensures the zero-curvature equations : 

[l?+V,,D_i] = (2.21) 
[D+y,,V+-,] = (2.22) 
= 0. (2.23) 

The brackets with 2^+i/2 act as compatibility equations which define supersymmetry trans- 
formations and ensure invariance of equations of motion ((2.23)), i.e. 

[dx + E + Ao + Ay, , 9_i + Bj^y.B-^ + BE^-^^B-^] = (2.24) 
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under the supersymmetry transformation. The —1 grade component of the zero-curvature 
relation (2.24) 

(BE^-^^B-^) + [Ao, BE^-^^B-^] = (2.25) 

is automatically satisfied for 

Ao = -d^B B-^ . (2.26) 

Equation (2.21) is explicitly given by 

[dy, + L>(°) + D^y^\ 9_i + Bj_y,B-^ + BE^-'-^B-^] = . 
Its —1 grade component is equal to 

dy, {BE^-'^B-') + BE^-''>B-'] = 0. 

which has the obvious solution : 

L)(o) = -ft/^S (2.27) 
With solutions (2.26) and (2.27) we can rewrite D+i and I?+i/2 as 



V+i = C^d^- d^B B~^ + Ay^ + E 

V+y, = dy, - dy,B B-^ + D^'/'K 

We now write explicitly all the zero- curvature equations in components. Equation 
implies 

dy.J-./. = [E'^-'\B-'D'^y^^B] 
d_,{dy,BB-') = [Bj_y,B-\ D^'/'^^] . 

Prom (2.22) we derive 

[E,dy,BB-'] = [Ay,,D^y'^] 

Ay, = [dy,B B-^ , Ay,] - [d,B B'^ , D^^^)] . 

Finally, equation (2.23) yields 

d^J.y, = [E^-'-\B-^Ay,B] 
d^^Ay, = {E , Bj.y^B-"-] 

d-i{d,BB-') = [BE^-'^B-\E] + [Bj_y,B-\A+y,] . 
The zero curvature condition 

[Vy, , P„] = 

for the higher flows generators 

" k=l 

ensures invariance of higher flows under the supersymmetry transformation. 



2.28) 
2.29) 

2.21) 

2.30) 
2.31) 

2.32) 
2.33) 



2.34) 
2.35) 
2.36) 



3 Reduction of s/(2|2) Algebra and N = 2 mKdV Supersymmetric 
System 

Let us define basic objects. The principal grading for the sl{2\2) algebra is defined in terms 
of the operator 



^ d 1, , . d 1 



" 1 








" 





-1 














-1 














1 



(3.1) 



Grade one semisimple element E is chosen as 



.(2) > 
'-aiJ 



as 



'-as J 





" A 


1 










A^ 


A 














A 


A^ 










1 


A 



(3.2) 



The odd (fermionic) part of the kernel of E consists of 



(3.3) 



with 



n 



(n+i) 
2 

3 



+ E 

ai+a2 ^ ^ 



) ~r V-^a2+as ag— as/'' 



-E. 



(n-i) 



ai —CX2 

Qi+a2 ^ ai— a2/ V 
l-'^ai+a2+a3 ~r ai— a2— as 
I -'-'ai+a2+as ai— a2— as/ V " 



a2— as ; 
-'^a2+a3 -'^—02—03/') 



("+5) _j_ ^>."T"2 



a2 J ' 



while the bosonic part K,b = {Ki^^ 



-"■1 — -'^ai -f^-ai ) 



(n+1) 



3, n e Z} of the kernel /C contains 



K. 



(n) 



-^as ~ -^-as ' 



i^^) = A"7 . 



(3.4) 



where / is an identity matrix, traceless with respect to the supertrace. 
Note, that in terms of generators from /C;, we can write 



E 



Because commutes with the rest of the algebra the symmetry transformation defined 
according to (2.1) vanishes. Thus, the flows generated by, i.e. 



(n) 



,(n) 
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will give rise via relation (2.1) to flows identical to the isospectral deformations generated by 
As far as symmetry transformations go we can therefore identify E'^"'^ with As 
we will see below this observation is crucial for extending supersymmetry by incorporating 
as supersymmetry flows the flows generated by elements of AT/ which square to E as well as 
those generated by elements which square to E^^\ 
We change now the basis in /C/ to : 

-\/2 ^ ' -\/2 ^ ' 

The advantage of using this basis is that its elements generate fermionic flows that square to 
isospectral deformations generated by E^"''' (or E^"'^) according to anti-commutation relations 

ofi^("+^\i = l,...,4: 

|^{m+i)^^^(n+i)^ = 2(-l)'+i£;("*+"+i), i = l,2 (3.5) 
^^^(m+i)^^(n+i)^ = 2(-l)^^(™+"+^) . i = 3,4 (3.6) 

The remaining anti-commutation relations of F^"'~^^\ i — 1, ...,4 vanish. In this sense 

(-) 

F^^ , i = 1, . . ., 4 generate the supersymmetry flows. 
The fermionic part of the image Ai oi E consists of 

Mf^{gl''^''\i^l,...A, neZ} (3.7) 



where 



y4 ~ I -'^ai+a2+a3 -^-ai-a2-a3J ' \-^a2 ^-a2 i 



Again we will rather work with a different basis of j given by 

cr = ^ (r *' + 9?**') , G'-i' = + r =>) , 



There are four bosonic generators 



(3.8) 



(3.9) 
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of the image M of E. Note, that m{"^ and ^ are in the Cartan subalgebra. All four 
bosonic generators of A4 are reproduced by the following anti-commutations relations be- 
tween fermionic members of /C and A4 : 



i = 1,2,3,4 
1,2,3,4. 



Using relations 



and 



(n) 



2M 



(m+n) 



2M 



(m+n) 



£;M Mi") 



2^(m+n+|) 



-2G 



(m+n+2) 



2Mj 



(m+n) 



2M 



(m+n) 



one can obtain the remaining anti-commutation relations between 6^2™^ Gg"*^^^ and f/"^^"*. 

3.1 Reduction of s/(2|2) and N=2 mKdV and Sinh-Gordon equations 

The sZ(2|2) algebra splits in two disjoint sets of generators : 



m: 



(2n+l) JYfi^n+l) j^C2n+l) J^i^ri+l) j(2n+l) 



(2n+|) ^(2n+i) p(2n+i) p(2n+l) 



5 4 



(3.10) 



^(2n+|) ^(2n+f) 



p(2n+f) 
-^1 ) 



p(2n+|) 
-^3 



and 



^(2n+l)^^(2n+l)^ 



^(2n)^^(2n)^ ^(2„) ^ ^(2n) ^ ^(2n) 



(2n+|) ^(2n+f) „(2n+|) „(2n+|) 



x^{2n+i) ^(2n+i) 
Li2 ,<^4 , 



(2n+i) 



,(2n+i) 



where n & 1^. 

Our reduction process is now facilitated by the fact that the set (3.10) of s/(2|2) generators 
constitutes a subalgebra, which we denote by slo{2\2). The s/o(2|2) subalgebra includes 
E = ii-J^^+ii-f^ + jW and the image of E within slo{2\2) contains only the Cartan generators 
Mf and among even grade elements. Notice that within the slo{2\2) subalgebra the 

term ko from (2.13) vanishes identically. 

We now associate the Lax operator 



L^da. + E + Ao + Ai 



(3.11) 
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to sZo(2|2) subalgebra by choosing 



which are elements of slo{2\2) with grade zero and 1/2, respectively. 

To find N — 2 mKdV equations we need to solve the zero-curvature equation (2.17) for 
n = 3. It is explicitly given by 

d^ + E + Ao + Ai,ds + Df^ + D^}^ + D^'^ + D^}^ + D^'^ + D^}^ + E^"^^^ = (3.12) 



with = Kf^ + K. 



'(3) 



r(3) 



We found the following solution for the D's within the s/o(2|2) subalgebra 



n(V2) 


2 


r)(5/2) 


= 








^(2) 


= 








n(3/2) 




+ d^Fl^^ 


^(1) 


= C2M^'^ + C4Mf \ 




= a,xf ) 


+ a2K^2^ 


r)(V2) 




r)(V2) 






^(0) 






= 





r(i) 



where 



C2 = ^m'i - V'l (V's'Ua) , 

/3i = ^"9^^! - ]^'ipi {;al + M^) - ^V^3 (M1M3) , 

72 = ^{'^lU'i - V'Wl - '03^*3 + "03^*3), 

and 



C^3 = 2 (^1^3 + V'3^il) 
C4 = ^^3 + V'l (^^3^1) 



/53 = J<9^^3 - ^Va + "3) - ^^1 («l'«3) 

74 = ^(--011*3 + '0^3 + '03lii - V's'"!) 



A5i = dl{ui) - 2ul + 3ui {^pid.^iJi - ipsd^^s) + 3us {-iJid^ips + iJsdx^i) (3.13) 

4^3 = dlius) - 2ul - 3m3 {ipidxipi - i/Jsdx-ilJs) - 3mi {-i/Jidx^s + ^sdx^i) (3.14) 

This leads to the following equations of motion : 

4^3^'! = dliP,-^tlJidx{ul + ul)-3dx{iJi){ul + ul)-3t/jsdx{u,Us) (3.15) 

493V'3 = dlilJs-^iPsdx{ui + ul)-3dxM{ul + ul)-3^,dx{u,us) (3.16) 
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for fermionic and : 

dsUi^dJi, i = l,3 (3.17) 

for bosonic modes. These are the N = 2 supersymmetric mKdV equations. They are 
invariant under the supersymmetry transformations 

diui = 2dx (--01 £2 + V'sq) , ^i"3 = 29^ (-^'1^4 + 1/^3^2) 

and 



(3.18) 
(3.19) 

(3.20) 
(3.21) 



91-01 = Uie2 - ^364, (91-03 = Uie4 - U3e2 
derived from the zero- curvature equation (2.16) with 

£,(0) _ 2 (-V'les + ^364) Mf ^ + 2 (-^^164 + ^364) Mi°) 
Applying the transformations (3.18)-(3.19) twice we obtain: 

2 2 
2 2 
In terms of variables u± = Ui± U3 and -0± = -0i ± -03 this becomes 

d'iu± — ^4:dxU± €2 €4, 9i -0± = ^49-r-0± €2 €4 . 



Each of elements in the kernel AT of £^ in s/o(2|2) gives rise to a symmetry transformation 
of the supersymmetric N — 2 mKdV hierarchy. We will now explore the structure of 
these symmetry transformations. Recall, that all symmetry transformations commute with 
isospectral deformations. The kernel elements among the algebra generators (3.10) give 



rise to the bosonic symmetry transformations 5^(2n+i) and 5 



transformations of the form S 



(2n+f ) 



eF. 



(2n+^) I 



S ,o„^3, and 5 



(2n+l) 



and the supersymmetry 



eF, 



(2n+§) 



eF, 



(2n+|)- 



Based on algebraic 



relations of generators we find that the commutation relations between the supersymmetry 
transformations and (in general non-local) bosonic symmetry transformations are: 



5 (2n+l) , 5 (2m+3) 



5^(2n+l) , 5 ^{2m+l) 



eF 



(2{n+m+l) + i) ) 



_,(2m+4) 



( „(2(n+m)+3)) 
^^1 



(2n+l) , 5 ^(2m+l) 



eF, 



(2(n + m+l) + -i) 



eFf"^' 



:2(n+m) + 4) 



for i = 1, 2. 

The commutation relations of the fermionic symmetry transformations takes a form of 
the following graded symmetry algebra : 



^ „(2«+|) ) '^_„{2m+3) 

eF, ^ eF, ^ 



— 25ggg(2(n+m+i)+i , A;— 1,3 

5 (2n+l) , f2m+l) = -2(5gg£;(2(n+m)+l) , r = 2,4 
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The above graded algebra represents the complete non-local symmetry structure of the su- 

persymmetric N = 2 mKdV hierarchy. 

We now turn our attention to the N = 2 Sine-Gordon model. The model is constructed 
in terms of the following objects : 

Ao = -a,5 5-i = -a,(/)iMf -a,03Mf (3.22) 

B = e'^i^^''+^^<' (3.23) 

Ay, = ^,g(V2) + ^3^^(1/2) (324) 

J-1/2 = ^2Gi-'/^^+^,Gi-'/^^ (3.25) 

£;(-!) = k[~'^ + K^-'^ + I^-'^ (3.26) 

given in terms of generators from the slo{2\2) subalgebra (3.10). In addition, we use D*^^) as 
given in (3.20). 

We will use the following notation: 

Making use of 

= ^2"^^^"* ('02 cosh 03 cosh 01 — ^04 siuh 03 sinh 0i) 

-I- G^^^^'^^ (—■02 sinh 03 sinh 0i -|- ■04 cosh 03 cosh 0i) (3.27) 

-I- F^~^^^^ (—■02 sinh 01 cosh 03 -|- ^04 cosh 0i sinh 03) 

+ Fg""^^^^ (■02 cosh 01 sinh 03 — ^04 sinh 0i cosh 03) 

equations of motion (2.35) become 

a_i'0± = -2V;^cosh0±. (3.28) 

From equation (2.34) it follows that 

9xV'± = -2V't cosh 0± (3.29) 

In addition, we have 

d^idx(l>+ = 4 sinh 0+ cosh 0_ — 4^0+^0+ sinh 0_ (3.30) 

d-idx(f)- = 4 cosh 0+ sinh 0_ — 4^0_^0_ sinh 0+ (3.31) 

obtained from equation (2.36) using an identity : 

= k[-^^ cosh(20i) + K^-^^ cosh(203) (3-32) 
- M^'^^ sinh(20i) - Mi~^^ sinh(203) + x'f^'^ . 
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The above equations of motion are invariant under the supersymmetry transformations: 

5(f)± = 2ip^e±, Sip± = -dx(t>^e± (3.33) 

where 

= £2 ± £4 . 

Furthermore from equation (2.30) we get 

5V^± = 2sinh(/)±e^, (3.34) 

The above N = 2 Sinh-Gordon equations coincide with ones proposed by Kobayashi and 
Uematsu in [19, 20] (see also the recent paper [21]) if we rescale E and 

4 N=4 mKdV equation from subalgebra of s/(4|4) 

Based on the subalgebra of s/(4, 4) generated by generators from formula (A. 8) of Appendix 
A we define Lax operator as in (3.11) where 

Notice that within the subalgebra generated by (A. 8) the kernel component /cq in the Lax 
operator vanishes identically. Next, we solve the zero-curvature equation (2.17) given for 
n = 3 explicitly by the commutation relation (3.12) with E^^^ — K^^ + K^^ + l'^^^ . 
We found the following solution for the D's : 



_D(5/2) 








^(2) 








n(3/2) 






n(3/2) 






+ djF!j^^ 


^(1) 








^(1) 




+ 02^^'^ + asK^'^ 




r)(V2) 








n(V2) 


- lit 2 




+ 78i=^i^^ 


^(0) 


= 5iMf) 


+ ^sMf ) + <55Mf 




^(0) 


= 







(2) I a „/. /^(2) 



'(1) , . z^(i) 



(4.1) 
where 

= ^ (^1«5 + V^a^T + V^5«l + V'tMs) , ^ ~^ '^^^"^ ^3^5 + ^5«3 + ^7^1) 
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C4 = ^1*3 + 2-01 {4>2.Ul + -051*7) - ^Ip^lprUr - 2'05'07lil 
C8 = 7:^7 - 2ljji {ljj3U5 + i^^Uz) + 2ljj3ljjrU3 + 2ljj5ljjYU5 



1 1 

as = Q;7 = -'ipidx'ipv - ipsdxipb - ipbdxips - ipvdxipi 
oe = -i'idxi'7 + i'zdxi'b + i'bdxi'z - i'ldxi'i - U3U5 



- ^1^5 {U1U5 + UsUj) - -07 (1*31*5 + 1*11*7) 

Pa = ^dlip3 - ^ip3 {ul + ul + ul + My) - ^ipi {U1U3 + u^ur) 

- ^2^7 (""1^5 + 1*31*7) - l/'S (1*31*5 + 1*11*7) 

11 1 

/35 = ^^^^5 - 2'^5 («! + 1/3 + lis + ^7) - (^*1«3 + M5M7) 

- ^Vl (l*l1*5 + 1*31*7) - 1/^3 (1*31*5 + 1*11*7) 

= ^^xV'7 - ^-07 (1*? + 1*3 + 1*5 + 1*?) - ^-05 (l*l1*3 + 1*51*7) 

- {U1U5 + U3U7) - ill {U3U5 + U1U7) 



72 = ^ ('0l1*i - -0^1*1 - "031*3 + l/'3^3 - "051*5 + V's^S + V'7l*7 " V'7""7) 

74 = ^(-V'iM3 + V'iM3 + l/'3l*i - ^^3^1 + ^^51*7- V'5^7-V'7l*5 + V'7^5) 

76 = ^(-l/'l1*5 + V'W5 + V'3l*7-l/'W + V'5l*'l -V'5^^1 -1^71*3 + ^7^3) 

78 = ^ ("011*7 - "0il*7 - "031*5 + "03""5 - "051*3 + "051*3 + "07l*i - "07l*l) 
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ASi = df^{ui) - 2ui [ul + 3uf) + 3ui (-01 9^-01 - '^Psdx'ips 

+ 3us {-ipid^ips + V'a^xV'i + 'tpbdx'ipv - iprdxipb) 

+ 3^5 {-ipidxip5 + 'ipsdxipT + 'ipbdxipi - 'ipTdxips) 

+ 3^7 {tpidxip7 - i^Aipr, - ipbdx'tps + i^idxi^i) 

4^3 = dl{ui) - 2u3 (uj + Suf) - 3w3 {ipidxipi - ipsdxips 

- 3ui {-ipidxipa + 'tpsdx'fpi + V's^xV't - i^idxipb) 

- 3^7 {-ipidxip5 + ipadxipr + i^bdxi^i - iprdxips) 

- 3m5 {ipid^i)7 - ^3<9x^5 - ^5<9z^3 + i^rdxi^i) 
4(^5 = <9^(m5) - 2m5 [ul + Swg) - 3^5 {ipid^xi^i - ip^dxi^z 

- 3?7,7 {-ipidxipz + ip-idxipl + ip-,dxip7 - ip7dxip->) 

- 3tii {-ipid^ij^ + V^s^x-^T + V's^V^i - ^^idxi^s) 

- 3u3 {ipidx^pr - i^j.dxi'b - ^5<9z^3 + i'ldxi^i) 
4^7 = dl{uj) - 2u-j {uj + Suf) + 3u7 Hjidxi/Ji - ijJsdx'tps 

+ 3M5 {-^idx^s + ^sdx^i + i'5dx'4'7 - i'ldxi'b) 

+ 3m3 {-i)idxi)-> + i^zdxi^i + 'ip^dxi'i - i^jdx^s) 

+ 3ui {ipidxip7 - ipsdxipb - 'ipbdxipa + 'iprdxipi) 

This leads to the following equations of motion for fermions : 

3 

4^3^'! = dlil;i--ijjidx{ui + ul + ul + u^7) -3dx{'il^i){ul + ul + ul + u'^) 

- ^i^sdx (uius + U5U7) - Sipsdx {U1U5 + U3U7) 

- 3lp7dx + U1U7) - 6dx{lp7) iu3U5 + U1U7) 

493V'3 = d^^iPs-^^sdxiuj + ul + ul + u''^) -3dxiip3){ul + ul + ul + u''^) 

- 3i)idx (M1M3 + UbUj) - Sip7dx (M1M5 + M3M7) 

- Sip^dx {U3U5 + M1M7) - 6(9^ (V'5) {U3U5 + U1U7) 

493^5 = d'xi^^-^i^^dxiul + ul + ul + u^^) -3dx{iJ5){ul + ul + ul + u^^) 

- 3ij7dx {U1U3 + M5M7) - 3ijjidx (mi?7,5 + U3U7) 

- ^'ipsdx {U3U5 + U1U7) - 6dx{lp3) («3«5 + U1U7) 

3 

493V'7 = dl'ilj7 - -i^7dx {u\ + ul + ul + uli) - 3dx{i^7) {ul + ul + ul + li?) 

- 3'ipr,dx {U1U3 + U5U7) - 3ip3dx {ulUr, + U3U7) 

- 3ijjidx {U3U5 + U1U7) - 69j;(V'i) (^3^*5 + U1U7) 

and bosonic equations of motion: 

d3Ui = dxSi, i = 1, 3, 5, 7 
These are the = 4 supersymmetric mKdV equations. 



- i^bdxipb + i^7dxi^7) 



- Ipbdx'ipb + 1p7dx1p7) 



- i^bdxi^b + i^vdx'ipv) 



- 1p5dx1p5 + 1p7dx1p7) 
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They are invariant under the supersymmetry transformations derived from the zero- 
curvature equation (2.16) with 

D^h) = e,F^'/'^ + e,Fi'/'^ + e,Fl,'^'^ + esF^'/'^ (4.11) 

L*^'^) = aiMi'^ +asMP +a5MP +a7Mi''^ (4.12) 

with 

ai = 2 (-^162 + ips^A + ipb^e - ipr^s) 
as = 2 (-^'164 + 1^362 + ip5^8 - ipr^e) 
05 = 2 {-ipiee + i^s^s + ^'5^2 - V'tq) 

07 = 2 {-1pi€8 + 1p3^6 + "05^4 - ^'7^2) 

The supersymmetry transformations are 

diUi — dxCii, i — 1, 3, 5, 7 

and 

91-01 = Uie2- U3e4 
2 

diijjs = 1*164 - U3e2 

5 1^5 = 1*166 - 1*3^8 

2 

91-07 = til 68 - ^^366 

5 N=4 Sinh-Gordon Model from subalgebra of s/(4|4) 

Using the same subalgebra (A. 8) of s/(4|4) we find 



^0 = 9S = 901 Ml + 903M3 + 905 M5 + 907M7 (5.1) 

^ — ^(piMi+ct>3M3+<piMs+(t>rMr 2) 

Ai/2 = V^iGi^/n^^sG^/n^sGF^^+^r^'/^^ (5.3) 

J-i/2 = ^2Gt^'^ +^,Gt''^ +^sGt^'^ (5.4) 



with as in (4.11) and E^'^^ as in (3.26). 
In notation: 

VS± = ^2 ± 1p±^1pl± 1p3, X± = "05 ± "07 X± = "06 ± "08 

0=^ = 01 ±03, 0=^ = 05 ±07 

equations of motion obtained from equation (2.35) become : 

9_i-0± = — 2-0ip cosh 0± cosh 0± ± 2xiF sinh 0± sinh 0± (5.5) 
9_ix± = —2-0=p sinh 0± sinh 0± ± 2x=p cosh 0± cosh 0± (5.6) 



- W566 ± 1*768 
- 1*568 ± 1*766 
- 1*562 ± 1*764 
- 1*564 ± 1*762 
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Prom equation (2.34) it follows that 

dx4'± = —2-?/'zp cosh 0-1- cosh 0± + 2x:p sinh 0-1- sinh 0-1- (5.7) 
dxX± = '^Xt *^osh 0± cosh (j)± — 2%Ij^ sinh 0± sinh 0± (5.8) 

Prom (2.36) we obtain : 

d-idx(p+ = 4 [sinh 0+ cosh 0_ cosh 0+ cosh 0_ — cosh (f)^ sinh 0_ sinh (p^ sinh 0_] 

+ 4-0-1- (— '0-(- sinh 0_ cosh 0_ + cosh 0_ sinh 0_) (5.9) 
+ 4x-|- (-0-1- cosh 0_ sinh 0_ — x+ sinh 0_ cosh 0_) 

d^idxcj)- — —4 [sinh 0+ cosh 0_ sinh 0+ sinh 0_ — cosh 0+ sinh 0_ cosh 0+ cosh 0_] 

+ 4'0_ (— i/j- sinh 0-f. cosh 0-,- + x_ cosh 0^_ sinh 0+) (5.10) 
+ 4x_ (i/j- cosh 0+ sinh 0+ — sinh 0+ cosh 0-|-) 

and 

d-idx4>+ = 4 [cosh 0+ cosh 0_ sinh 0+ cosh 0„ — sinh (p^ sinh 0_ cosh (p^ sinh 0_] 

+ 4'0-|- ('0-1- cosh0_ sinh0_ — x+ sinh0_ cosh0_) (5-11) 
+ 4:X+ (—'0-1- sinh 0_ cosh 0_ + x+ cosh 0_ sinh 0_) 

d-idx4>- — 4 [cosh 0^- cosh 0_ cosh 0+ sinh 0_ — sinh (f)+ sinh 0_ sinh 0+ cosh 0_] 

+ 4'0_ (■0-_ cosh 0-1- sinh 4>+ — X- sinh 0+ cosh 0^-) (5-12) 
+ 4x_ (—■0- sinh 0-|_ cosh 0+ + x- cosh 0+ sinh 0+) 
These equations are invariant under supersymmetry transformations: 

S(f)± = 2'0;pe± - 2x^e±, 50± = 2V^^e± - 2x^e±, 

and 

Sip± = -dx(f)^e± + dx4>^e±, 5x± = 93;0=pe± - dx(f)^e± 

where 

= £2 ± 64, e± = eg ± eg 

Purthermore from (2.30) we get 

S'ip± = 2 sinh 0-1- cosh 0±e=p — 2 cosh 4>± sinh 0±e=p, 
5x± = 2 cosh 0-1- sinh 0±e=p — 2 sinh (f)± cosh 0±e=p 

In the limit 

the above equations reproduce the equations of motion (3.28), (3.29), (3.30) and (3.31) of 
N — 2 model and corresponding supersymmetry transformations (3.33) and (3.34). 
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6 Concluding Remarks 



We offer here some summarizing comments on results obtained in the previous sections. 

Deriving extended supcrsymmctry structure without non-local terms was accomplished here 

due to two technical but crucial choices concerning the underlying algebraic structure. One 

choice was to base our construction on the loop algebras sl{n\m) with n = m leading to the 

identity / becoming a part of algebra. The second choice concerned reduction process. It 

was made in such a way as to ensure the Lax operator only contained Cartan generators 

among the zero-grade terms. We now briefly point out consequences of these two steps. 

First, notice that the structure of the supersymmetry transformation is directly related 

to /Ci; the | grade sector of the kernel /C. For the N — 2 case the relevant superalgebra 

^ (-) (-) 

is sl{2,2) which has 2 generators spanning /Ci, namely and F^^'^ both squaring to E 

modulo the identity element /, i.e. 

(F2^^V = -E, (Fi^y = E-2I (6.1) 

For the iV = 4 we have determined that the relevant subalgebra is composed of a semi direct 
product of U{1) with sl{2,2) ® s/(2,2). Each sl{2,2) subalgebra generates a subscctor of 

grade | of the kernel JCi like (6.1) such that JCi is spanned by F^^\ F^^\ F^^'^ and F^^^ with 

(F2^^y = (Fg^^y = -E, (Fi^V - (Fg^^V = F - 2/ (6.2) 

Since, Sj — in the sense of the definition (2.1) we see that all the algebra elements in 
equations (6.1)-(6.2) give rise to identical (up to the sign) symmetry transformations. 

Moreover, we observe that the same pattern emerges for higher supersymmetries (e.g. 
N = 2n = 8) where there is a natural decomposition of super Lie algebra sl{2n,2n) into 
semi direct product of U{1) with ®"s/(2,2). 

Finally, going back to the reduction process we observe that within the relevant subalge- 
bra structure the /cq term in the Lax (2.14) vanishes identically. This is verified explicitly for 
the sl{2, 2) case in equation (3.11) and also for the s/(4, 4) case. This is an important feature, 
since the non-zero ko leads to the undesired non-local supcrsymmctry transformations. This 
feature, in fact, provided us with a guideline for choosing the relevant subalgebra. 

Presently, we are studying the conservation laws for these models according to refs. [18] 
and [1]. Moreover, the generalization to higher N supersymmetric models, in particular for 
N — 8, is under investigation. 

Acknowledgments: HA acknowledges support from Fapesp and thanks the IFT-Unesp for 
its hospitality. LHY, JFG and AHZ thank Capes and CNPq for partial support. 
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A Appendix - The algebra of s/(4, 4 

A.l sl{4\4) 

The roots of s/(4|4) are given by 

ai = ei - 62, 0:2 = 62 - 63, ag = 63 - 64, q;4 = 64 - /i, 

as = /i - /2, tte = /2 - /s, oiT^fs- /4, (A.l) 

where 6j • 6^- = 5^^, /j • = -Sij. 

The grade of step operators of corresponding loop algebra is given by 

Grade(4")) = n + ^(61 - 62 + 63 - 64 + /i - + /s - A) • /3 (A.2) 

Define Kernel of E to be: 

-■("+5) _ , E^(»+5)\ , I zr("+5) \ 

Jl,ri ~ \'l^oc4, T -Cj-a^ J "T V'/-^a3+a4+a5 -^-a3-a4-a5/' 

J3.J1 v7 a2+"3+"4 ^ Q2— as— 04/ ~ v7-'-^ai+Q2+Q!3+a4+o:5 ~ Qi — a2— 0:3— 0:4— 0:5 / ' 

J 4,ri v/-'-^a4+a6+a6 — a4— as— ae/ \'l a3+a4+a5+ae+a-r ' -'-^— 03- 04- 05— ae— Q?/' 

J 5,ri V'/ ai+a2+a3+a4 — ai— a2— 0:3— a4/ \ I 02+03+04+05 ' ^ —02— 03— 04— 05 1 1 

j6,77 V'/-'-^a4+Q5+a6+a7 — a4— "5- ag- "7/ V'/-'-^a3+a4+a5+a6 — as— 04— as— ae / ' 

J7,7j v/-'^a2+a3+a4+as+a6 -'^—a2-a3— 04-05— as/ 

~r V / ai+a2+a3+a4+as+a6+a7 — ai— 02— as— a4— as— ae— 07/; 

j8,?j V'/ ai+a2+a3+a4+a5+a(i — 01— 02— 03— "4— "5— ag/ 



~r v/-'^a2+a3+a4+as+a6+a7 ~r -'^— a2— as— a4— as— as— ay j ) 



for 77 = ±1. 
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K. 



K. 
K. 



K. 



3 
6 

(n 
7 



and Image of E 



-(as + 2a6 + ay) • 




-as J) 



V ai+Q;2 ai— a2/ V a2+a3 a; 

V ai+a2+a3 —0:1—02—03/ ^ V 0:2 -'-^—02 / 

V as+ae+o? —as— as— 0:7/ ' v as —as / 



(A.3) 



yi,ri 

(n+1) 
(n+i) 
(n+1) 

(n+i) 
96,r, 



98,r, 



.(n-l) 



— «4 / 



V/-'-^a3+a4+a5 



(n+i) 



-03-04-05 



V'/-'^03+a4 ^ -'^-03-04 



V'/ 02+03+04 ~r -'-^—02— 03— 04 j V'/ 01+02+03+04+05 ' -'-'— 01—02—03— 04— as 



l'/-^04+Q5+06 
W-^oi +02+03+04 



04— 05— 06 y 



I -^—01—02—03—04 



I -^—02—03—04—05 



- ivE, 



04+05- 
(n+i) 

02+Q3- 

in+l) 



(^-^04+05+06+07 + E. ^ 



(^-^02+03+04+05+05 "I" 



03— 04— 05— 05-07/ 5 

O2+O3+O4+O5 

04— 05— O6— 07/ V / O3+O4+O5+O6 ~ —03— 04— 05— 06 > 

(»+|) N 
02— 03— 04— 05— 06 J 

(n+i) 



-05)) 



2' I ' 2 

01+02+03+04+OS+O6+07 I -^—01—02—03—04—05—06—07 



.(n+f) 



2/ I F'V- ' 2/ 

01+02+03+04+05+06 ' —01— 02— 03— 04— 05— 06/ 

("+§) , p("-^) 

0:2 +0:3 +0:4 +0:5 +Q;6 +0:7 "I" —OC2--CX.S—Oi4—OC5—Ot6~-Oi7 



3—0:4—0:5—0:6) 
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M\ 



(n 



m: 



in 



(M±)(" 



-(q;i + q;3)-//("\ 



;(n+l) 

CCS 



-ai + as) ■ H^""^ 



(-as + ay) • 



\ Oil -^-n, 

y.^ + a? 

(Wjn) , r.(n) 



p(n-l) 



■ai-a2'' V-^Q2+«3 -a2 



-a2— "3''' 

a5+«6 —05—06/ V 06+07 — 06— 07/5 

^01+02+03 -^ — 01—02—03/ V 02 —02 /' 

/E;(n+1) , tM-^) \ _ CE;(n+l) , tM-^)\ 

V 05+06+07 —06—06—07/ V 05 -05 



A.2 Reduction of s/(4|4) 



(A.4) 



Reduction is performed in two steps. 

The first step consists of an algebraic reduction of s/(4|4) algebra leading to a subalgebra 
of with Grassmaniann generators written in the form (with i = 1 , . . . , 8) : 

-R(?7i, Ci) 





(?7i^oi+. 


•+04 


+ Ci^- 




-04) + {V2Ea,+. 


•+05 


+ C2^- 


-01 — 


—05) 


+ 


(?73^02 + - 


•+04 


+ C3^- 




—04) + (^4-E'o2+- 


■+05 


+ C4^- 




—05) 


+ 


(775^03+- 


•+06 


+ C5^- 


-OLZ — 


-06) + {veEa3+. 


■+07 


+ C6E- 


-03 — 


—07) 


+ 


(?77^04 + - 


•+06 


+ C7£^- 




-ae) + (?78-E'o4+- 


•+07 


+ CsE- 




—07) ) 



(A.5) 



Denote 



Fi 


= R{vi 


= 1,0 = 1), 














F2 


= R{vi 


= -1,0 = 1), 














F3 


= Rivi 


= ?74 = ?75 = ?78 


= Ci 


= C4 


= C5 


= C8 = 


— 1 , all other rji — (, 


. = 1), 


F, 


= R{v2 


= ?73 = ?76 = ?77 


= Ci 


= C4 


= C5 


= C8 = 


— 1, all other rji — ( 


^ = 1), 


F5 


= Rivi 


= ?74 = ?76 = ?77 


= Ci 


= C4 


= C6 


= C7 = 


— 1, all other rji — ( 


. = 1), 


Fe 


= R{v2 


= ?73 = ?75 = ?78 


= Ci 


= C4 


= C6 


= C7 = 


— 1, all other rji — ( 


. = 1), 


F7 


= R{V5 


= V6=V7 = VS 


= C5 


= C6 


= C7 


= C8 = 


— 1 , all other rji = ( 


. = 1), 


Fs 


= Rim 


= V2=V3 = V4: 


= C5 


= C6 


= C7 


= C8 = 


— 1, all other rji = ( 


i = l), 
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and 





— Kin 


= ?74 


= 


= ^8 


— ^2 


— <54 


— ^6 


— — 

— — 


I oil /~\T r\ /AT* />n 

— i , dll U Lllcl / li 


— 




n 


— ^[Vi 


= ^3 


= V5 


= Vr 


— t 

— S2 


— u 


— ^6 


= Cs = 


— i , dii oxner iji 


— U 


— 1 






= ^2 


= V5 


= Ve 


= Ci 


= C2 


= C5 


= Ce = 


— 1, all other 77^ 


= Q 


= 1)> 






= 774 


= Vr 


= V8 


= Ci 


= C2 


= C5 


= C6 = 


— 1, all other 771 


-Ci 


= 1), 


Cs 




= ?72 


= V7 


= Vs 


= Ci 


= C2 


= C7 


= C8 = 


— 1, all other 77j 


-Ci 


= 1), 


Ge 




= 774 


= V5 


= Ve 


= Ci 


= C2 


= C7 


= C8 = 


— 1, all other 77j 


-Ci 


= 1), 


G, 


= R{V2 


= 774 


= ?75 




= C2 


= C4 


= C5 


= C7 = 


— 1, all other 771 


-Ci 


= 1), 


Gs 




= ^3 


= 


= ^78 


= C2 


= C4 


= C5 


= C7 = 


— 1, all other 77^ 


-Ci 


= 1), 



(A.7) 

It is possible to show that the given generatos Fj, Gj, M,, i = 1, • • • 8, Ka, Ka+3, a = 1, 2, 3 
and / of sZ(4|4) closes into a subalgebra using the following commutation relations 



[Hi, Hj] 

[Hi, Ea] 
[Ea, Ep] 



0, 

a'Ea, 

e{a,P)Ea+i3, a + P= root, 
a ■ H, a + (3 — 0, 

0, otherwise 



where we e{a, 13) is the structure constant. 

As the next second step we introduce a loop structure within such subalgebra by multi- 
plying each generator by A'', where r e Z for the bosonic and r e Z-|- | fermionic generators, 
respectively. In the present paper we shall be using the following loop reduction of the 
algebra defined by 

{ Af f ^ , A^"^ , Afg^"^ , Mi"^ } , r = 271, 
{Mi'\Mi-\Mt\ Mt\ Ki^\ Kt\Kt\ K^K K\'\Kt\ I^'^} r = 27z + 1, 



Gt\ Gt\ G^;\ Ft\ Ft\ F^^^] 

-lir) ^(r) ^(r) ^(r) jpir) p(r) p(r) T-,(r)^ 



rr^{r) ^(r) ^(r) ^(r) rp(r) rp(r) rp(r) rp(r)^ 
\Lr2 )<^4 '^8 '-^1 '-^3 '"^5 '"^7 /' 



2n+-. 

3 

^ 2n+ -, 



(A.8) 



where n E Z. The first four generators, namely Mi^M^^Mr^Mj defined in equation (A.4) 
involve the following Cartan subalgebra elements 



CKi ■ H, ■ H, • H, ■ H 



(A.9) 



while the kernel generators K^, K-j and / defined in equation (A. 3) involve the other three 
Cartan subalgebra generators 



a2 ■ H, a4- H, ■ H . 



(A.IO) 



The other generators M2, M4, Mq, M^, Ki,K2,Kq, give raise to the following step opera- 
tors 



E. 



E. 



E. 



(A.11) 
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Finally, the 16 generators Gi,Fi,i — 1, • • - 8 in (A. 6) and (A. 7) are linear combinations of 
step operators : 

E'±(^ai+a2+a3+a4)i -S±(ai +02+03+04+05) ) -^±(02+03+04)5 -^±(02+03+04+05) ; 
-^±(03+04+05+06)! -£'±(03+04+05+06+07)) -E'±(o4+05+0(i)) -£'±(04+05+06+07) ■ (-^-l^) 

The key point we want to make here is that we may decompose the subalgebra in (A. 8) into 
two commuting s/(2, 2) sectors shown below. 

A.3 (3-sl{2,2) 

E±P2 — -£'±(02+03+04)) 

E±i3s = -E'±06, 

-£'±(/3i+/32) — -£'±(01+02+03+04)) 

-£'±(/32+/33) — -£'±(02+03+04+05)) 

-£'±(/3i+/32+,83) — -£'±(01+02+03+04+05)) 

(3i-H = ai-H, 

p2-H = {a2 + a3 + a4)-H (A.13) 

An identity element (in the sense that commutes with all generators in (A.13)) within such 
subalgebra is given by Ip — (cti + 2a2 + 2a3 + 2a4 + a^) • H. The second sl{2, 2) sector is 
generated by 

A.4 7-s/(2,2) 



-£"±71 


-£"±03 ) 


£^±72 


-^±(04+05+06)) 


£^±73 


= -E+OT) 


£'±(71 ±72) 


-'^±(01+02+03+04)) 


-£^±(72+73) 


-£^±(04+05+06+07)) 


'±(71+72+73) 


-^±(03+04+05+06+07) 


11- H 






— a-r ■ H, 


72 • H 


— {a4 + as + ae) ■ H 



E. 



(A.14) 

An identity element (in the sense that it commutes with all generators in (A.14)) within 
such subalgebra is given by = {a^ + 2q;4 + 2a^ + 2aQ + ay) • H. 

Notice that the total identity (i.e. identity of sZ(4, 4)) is given as / = //j + and 
therefore is not linearly independent of the Cartan subalgebra generators in (A.13) and 
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(A. 14). However the subalgebra described by generators in (A. 9), (A. 10), (A. 11) and (A. 12) 

have 31 generators. Each s/(2,2) subalgebra (A. 13) and (A. 14) have 15 generators. There is 
one extra generator (which we may choose to be 0:4 ■ if for symmetry) that does not commute 
with neither s/(2,2) in (A. 13) or in (A. 14). The relevant subalgebra consists therefore of a 
semi direct product of C/(l) with sl{2, 2) ® s/(2, 2). 
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